PHYSICS OF PLASMAS 14, 022103 (2007)

Effects of boundary conditions and flow on the kink instability
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An experimental investigation of the kink instability is presented in a linear plasma column where
one end is line-tied to the plasma source, and the other end is not line-tied and therefore free to slide
over the surface of the end-plate. This latter boundary condition is a result of plasma sheath
resistance that insulates, at least partially, the plasma from the end-plate. The helical m=1 kink
mode is observed to grow when the plasma current exceeds a threshold and, close to the criticality,
is characterized by an axial mode structure with maximum displacement at the free axial boundary.
Azimuthal rotation of the mode is observed such that the helically kinked column always screws
into the free axial boundary. The kink mode structure, rotation frequency and instability threshold
are accurately reproduced by a recent kink theory [D. D. Ryutov ef al., Phys. Plasmas 13, 032105
(2006)], which includes axial plasma flow and one end of the plasma column that is free to move
due to a perfect non line-tying boundary condition which is experimentally verified. A brief review
of the kink theory and its predictions for the boundary conditions relevant in the present experiments

are presented. © 2007 American Institute of Physics. [DOI: 10.1063/1.2435306]

I. INTRODUCTION

The current driven kink instability is a magnetohydrody-
namic (MHD) instability which affects current carrying plas-
mas in nature and in the laboratory. Sakurai' was the first to
identify kinked flux rope dynamics with solar filament erup-
tions. Recent observations” have demonstrated that the MHD
kink instability occurs in solar flux ropes which can disrupt
yielding twisted magnetic clouds® that thread the solar Sys-
tem. The kink instability is important for MHD models of
astrophysical jets4_6 and is often invoked to explain the ob-
servation of kinked structures in their synchrotron emission.’
MHD kink modes are also observed in laboratory Z-pinch8
and tokamak plasmas, and during spheromak formation are
thought to mediate the conversion of toroidal to poloidal
magnetic flux.”'® In the applied field magnetoplasma
thruster, the kink instability appears to deteriorate the perfor-
mance of the thruster at high current'"*'?
suppress it are highly desirable."

The kink mode structure and stability condition are
strongly dependent on the system geometry and the bound-
ary conditions (BCs). Kruskal'* and Shafranov' (hereafter
referred to as KS) studied first the ideal MHD stability of a
cylindrical plasma column with magnetic field components
(0,By,B.) using cylindrical coordinates (r, 6,z). For an infi-
nitely long (equivalent to axially periodic) column, they
found linearly unstable helical kink perturbations §&
=¢!m0*k:D) (£ being the displacement of the plasma column
from the equilibrium position) with |k,|=27/L,
k,-m<0 when the plasma current /, exceeds the Kruskal-
Shafranov limit

and methods to

m|=1 and
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Ixs = (2m)*a”B /(o) (1)

where a and L are, respectively, the radius and the length of
the current channel.

The KS theory has been quite successful in predicting
the behavior of toroidal plasmas for which the periodic BCs
yield a proper accounting for the finite length of the system.
In linear systems, however, substantial deviations from KS
predictions can result from different axial BCs. The impor-
tance of the BCs has long been recognizedlﬁ’17 and is of
particular relevance to the stability of flux ropes line tied to
the solar corona (cf. Ref. 18 and survey Ref. 19). In this case,
the solar photosphere is assumed to be so much heavier to
hold fixed the ends of flux ropes linked to it. The effect of
line tying in linear systems have been subject of numerous
theoretical (see Refs. 20-22, and references therein) and nu-
merical investigations (Ref. 23, and references therein). In
laboratory environments, the kink stability of a plasma col-
umn with line-tied ends has been experimentally investigated
in linear devices, where line-tying is attributed to the pres-
ence of highly conducting end plates,24 and in open systems
to a local discontinuity for the Alfvén velocity that forms a
virtual boundary around the system.g’ll

However, in nature and in the laboratory, line tying may
not always satisfactorily describe the BC between the plasma
and the surrounding environment. In the solar corona, for
example, flux ropes may become detached from the photo-
sphere at one end. This situation may also arise in coronal
holes where the field lines are open and one end extends into
the solar system. Free-ended ropes may exist even in regions
of normally closed field lines, during the dynamical evolu-
tion of the corona where reconnection can lead to the break
up of field lines that get detached from the corona at one end

© 2007 American Institute of Physics

Downloaded 13 Apr 2009 to 192.12.184.2. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp


http://dx.doi.org/10.1063/1.2435306
http://dx.doi.org/10.1063/1.2435306
http://dx.doi.org/10.1063/1.2435306

022103-2 Furno et al.

thereby releasing energy from the corona outward into the
solar system.25 Similarly, in the case of jets from black holes,
the tying of the rope is working at one end only, at the end
attached to the object creating the jet®® (i.e., a black hole),
but the other end of the jet can be free. In the laboratory, it
has been shown that, in the presence of a sufficiently high
plasma sheath resistance the plasma can be insulated from a
perfectly conducting boundary leading to a free end flux
rope.”’

In this paper, we experimentally investigate the external
kink instability in conditions where one end of the plasma
column is line-tied to the plasma source, and the other end is
not line-tied and therefore free to slide over the surface of the
end-plate. The latter BC is a result of plasma sheath resis-
tance that insulates, at least partially, the plasma from the
end-plate. Compared to the line-tied case, we find significant
differences in the kink mode structure and lower critical cur-
rent for the onset of the kink. The experimental results agree
with the predictions from a recent theory of the external kink
instability for a slender plasma column.”®

The remainder of the article is organized as follows: In
Sec. II, the experimental setup and the relevant diagnostics
are described. The derivation of the kink theory in a non
line-tied plasma column is briefly reviewed in Sec. III. Ex-
perimental data and comparison with theory are presented in
Sec. IV. Finally, conclusions are summarized in Sec. V.

Il. EXPERIMENTAL SETUP AND DIAGNOSTICS

The experiments are conducted in the Reconnection
Scaling Experiment (RSX) which uses electrostatic plasma
guns to generate the plasma.zg’30 Figure 1(a) shows the ex-
perimental setup with a view of the plasma gun located at
z=0 and radially inserted into the center of the RSX cylin-
drical vacuum vessel (4 m length and radius »=0.2 m). The
plasma gun contains a miniaturized plasma source with a
circular 0.79 cm? nozzle aperture, schematically represented
in Fig. 1(b). A stack of molybdenum and boron nitride wash-
ers defines the arc channel between the anode and the cath-
ode. A hydrogen gas is supplied through the cathode by an
electromagnetic valve and a hydrogen plasma is produced by
an arc discharge between the gun anode and the cathode. The
arc plasma is maintained for <10 ms by a pulse forming
network which is energized by a capacitor bank charged up
to Vy.=1kV. The arc current I, rapidly increases and
reaches a maximum value of about 1 kA just before the ex-
ternal anode is biased. The pulse length is limited only by the
gas inventory inside the gun volume and the pulse forming
network. Detailed description of biasing circuits and control
systems can be found in Ref. 29. The hydrogen plasma is
ejected from the gun and forms a cylindrical plasma column
in a constant, uniform, axial magnetic field of B,=120 Gauss
generated by external coils, Fig. 1 (5). The axial velocity
v,~5-7X10*m/s of the plasma has been estimated by
solving the momentum balance equations for dominantly
axial flow constrained by experimentally measured axial gra-
dients in pressure and density. Electron density and tempera-
ture profiles are discussed in Sec. IV D.

A current is driven in the plasma by negatively biasing
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FIG. 1. (a) Experimental setup with diagnostics and coordinate system: (1)
vacuum vessel; (2) plasma gun; magnetic probes in (3) an axial array and (4)
an azimuthal array; (5) external coils; (6) external anode. (b) Expanded view
of the miniaturized plasma injector with main circuit elements (not to scale).

the gun anode with respect to an external anode as schemati-
cally shown in Fig. 1(b). The external anode is a flat, 50 cm?
stainless steel plate which is electrically insulated from the
vacuum vessel. A fraction I;,, of the arc current is diverted
from the gun, where the electron current direction is towards
the external anode. The bias discharge is initiated approxi-
mately 1 ms after the beginning of the arc discharge, corre-
sponding to the maximum of /... The applied bias voltage
and the impedance of the total circuit including the plasma
determine the slope of the applied current ramp typically
dl,;,/dt<10-20 X 10® A/s. The external anode can be po-
sitioned at different axial locations z=0.3—3 m allowing the
length L of the current-carrying plasma column to be varied.

This experimental plasma has low enough temperature
T,<20 eV and short enough pulse length <10 ms to enable
in situ measurements using internal probes together with ex-
ternal probes and optical systems. Internal probes, mainly
magnetic and electrostatic arrays, are inserted into the
vacuum vessel through flexible bellows and sliding seals,
allowing two-dimensional scanning of plasma parameters in
the x-y plane perpendicular to the axis of the device. Each
probe can be moved along the axis of the device into a dif-
ferent porthole allowing measurements at various z locations.
Fine spatial resolution in the x-y plane is achieved by mov-
ing internal probes between RSX discharges relying on
highly reproducible plasma parameters.29 The current density
profile is computed from magnetic measurements in the x-y
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(a)

FIG. 2. Schematic three-dimensional view of the fast CCD camera setup.
Shown are the two possible camera views: (A) an end on view allows
monitoring the global structure of the plasma column; (B) a lateral view in
front of the external anode at the midplane images the plasma column along
the x direction. Also schematically shown is the plasma column whose end
rotates at the external anode.

plane using miniaturized, two-dimensional magnetic probe
arrays with ten pickup coils each with a total equivalent area
turns of 33X 10™* m? equispaced by 2.5 mm. Two adjacent
coils measure magnetic fields in orthogonal directions in
space. Electron density n,, temperature 7,, and pressure p,
=n,T, are simultanecously measured using a movable triple
electrostatic probe with a 1 mm tip separation. The estimated
bandwidth for electrostatic measurements is limited at about
500 kHz, while for magnetic signals from the two-
dimensional magnetic coil array it extends up to =1 MHz.
Signals are digitized at 20 MHz providing adequate time
resolution.

The MHD activity is monitored by two arrays of mag-
netic probes that include a total of seven coils inserted in the
vacuum vessel at r=15 cm to measure the azimuthal mag-
netic field By In the axial array, Fig. 1 (3), four magnetic
probes are positioned at =/2 (top of the vessel) and axi-
ally located at z=0.14,0.48,0.62, and 0.76 m. In the azi-
muthal array, Fig. 1 (4), the four magnetic probes are located
at z=0.48 m and azimuthally equispaced by 77/2. One mag-
netic probe is shared by the two arrays. The bandwidth of the
magnetic coils in both arrays extends approximately up to
80 kHz. Signals are passively integrated before digitizing at
20 MHz.

Images of the visible light (mostly H, at 656.3 nm)
emitted by the plasma column are taken with a Cooke Di-
Cam Pro intensified charge coupled device (ICCD) camera.”!
The CCD camera provides two 12-bit images, each with
1280 X 1024 pixel resolution. Two geometrical arrangements
are possible as schematically shown in Fig. 2: (1) lateral
view close to the external anode for precise measurements of
column displacement over its surface; (2) the viewing per-
spective is end-on to the chamber allowing a global view of
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the column. Calibration of pixels per centimeter is done us-
ing the known dimensions of the in situ probes. In the
present set of experiments, Alfvén times are estimated to be
somewhat long (>1 us) as compared to the camera integra-
tion times (40—200 ns), so the images are likely to accu-
rately resolve the plasma dynamics.3 % For our plasma condi-
tions, H, emission, plasma density and current density
profiles are approximately similar, such that the visible emis-
sion in Figs. 6(a) and 6(b) below, identify the position of the
plasma column.

lll. KINK THEORY OF A NON LINE-TIED
PLASMA COLUMN

The experimental results presented in this paper can be
interpreted using a recently developed kink theory, first pre-
sented in Ref. 28, which includes axial plasma flow and one
end of the plasma column that is free to move due to a non
line-tied boundary condition. The derivation of this model is
briefly reviewed in this section.

We consider a plasma column with length L much ex-
ceeding its radius a and we use Cartesian coordinates with
the axis z coinciding with the unperturbed axis of the column
as shown in Fig. 1(a). For the m=1 kink mode, we consider
perturbations which can be characterized by the “rigid” dis-
placements of the “slices” of the plasma column in the x-y
planes, &=£(z.1), §=¢£/(z,1), &=0. The deformation
caused by the m=1 kink instability are such that the angle
formed by the kinked column with its unperturbed direction
remains small. This is a good approximation for a long-
wavelength m=1 mode under condition a <b, where b is the
radius of the conducting outer shell (i.e., the vacuum vessel).
The axial magnetic field is large compared to the azimuthal
magnetic field By/B,~2ma/L<<1. This corresponds to the
standard scaling for the kink mode. The plasma pressure is
assumed to be small compared to the magnetic pressure, so
that the axial magnetic field is almost uniform.

By introducing a complex displacementzo‘21

{=&(z.0) +i§,(z,1) (2)

the MHD equation of motion for a plasma with an axial flow
of speed v,, constant along the z direction, and uniform in the
x-y plane, is

J o\t L(PL
where
ko=By/(aB,) = pol,/(2ma’B,) 4)

and vy = \EBZ/ V’m where p=(2m;/a®) [in (r)rdr (m; is the
ion mass, in our case hydrogen). For perturbations such as
exp[—i(wt—kz)], one finds

(0 —kv,)* = vi(k* + kok) (5)
or equivalently
2
k2(1—M2)+k(k0+2M3> e (6)
Ua Uy

where M=v./(v,) is the Alfvén Mach number.

Downloaded 13 Apr 2009 to 192.12.184.2. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



022103-4 Furno et al.

By solving Eq. (6), we obtain that the eigensolution for
the MHD equation of motion is

{=(Cie™* + Cye™) (7)

with axial wave numbers

w w 2 (.L)2 >
—2M— — ko= M — +ky| +4—(1-M")
Vg Ua Uy

(8)

ko= 2(1 - M?)
In the following, we limit ourselves to the analysis for the
BCs that are relevant to the present set of experiments. Since
the plasma column is line-tied at the plasma gun, we impose
the condition of zero displacement at the surface z=0 and we
obtain from Eq. (7) that C;=—C,=C, and

§= C(eiklz _ eikzz)’ (9)

where C is an arbitrary normalization constant, and we as-
sume C=1/2. In the case where the plasma is insulated from
the external anode by a finite sheath resistance, the BC at z
=L can be formulated as>®

(90107 + i(ke/2){]|,op, = 0. (10)

Using a terminology already introduced in Ref. 27, we will
refer to this condition as to perfect non line-tying (PNLT) BC
and, in Sec. IV B, we will show that it holds at the external
anode for the present experiments, after using an equivalent
condition that can be directly compared with experimental
data.

Using Eq. (9), the PNLT BC provides the equation

2k, + kg

expilk, —k,)L= s
pilk; —ky) 2k, + ko

(11)
which has to be solved with k;, given by Eq. (8). At the
criticality, the right-hand side in Eq. (11) is a real number
since both the eigenfrequency w and the wave numbers & ,
are real, as can be verified from Eq. (8) in the case M <1.
Therefore, the solutions of Eq. (11) must satisfy k;—k,
=(nr/L) where n is an integer number. Using this condition
together with Eq. (8), we obtain the following equation:

2 2

v ni

w2+kaOUA+ZA[k§_(T) (1—M2)2]=0 (12)

which for n=1 provides the instability condition as follows:
T
kozz\e’l—Mz (13)

or equivalently in terms of the current

12ma)’B, ——— Ixs ——
——(L)ZVI—M E%\“—Mz.

crit = (1 4)
The equation above shows that the kink mode is unstable at
half the KS current for vanishing flow and smaller currents
when flow exists. This is due to the destabilizing effect of the
centrifugal force related to the flow. We should note here that
the presence of a line-tying BC at one end of the plasma
column plays a paramount role in this. In an infinitely long
system, the contribution of the flow can be eliminated by

Phys. Plasmas 14, 022103 (2007)

switching to the frame of reference where the fluid is at rest.
In our case, however, this procedure does not work, as one
end is line-tied to the resting wall. This makes it impossible
to eliminate the flow by a coordinate transformation in a
boundary-value problem.

The eigenfrequency w has a finite real component at the
criticality

Re(w) = — %M\/l M (15)

which represents a rotation frequency of the perturbation
since the mode under consideration is, azimuthally, the m
=1 mode. [Note a typo in the corresponding Eq. (71) of Ref.
28 and in Eq. (4) of Ref. 27, where the factor “2” in the
denominator is missing.] For v, directed from z=0 to z=L,
the helix screws into the z=L electrode, independently of the
direction of the z component of the magnetic field. Note that
the frequency is nonzero at the stability margin. When we go
beyond the stability margin, the rotation frequency increases.

Using Egs. (8) and (13), the axial wave numbers at the
stability boundary are

kio= = (m2L)[1 ¥ V1 - M*]. (16)

For the normalization C=1/2 that we use here and using Eq.
(16), we find from Eq. (7),

1
£ = E(COS kyz = cos kyz),

1
&= E(Sin kyz — sin k,7) (17)

and therefore the perturbed axis of the plasma column forms
a helix which is wound over the axisymmetric surface with a
radius

R@| w7 .. (3)
—|R(L)| =V§ + & =sin Y3 (18)

which is represented as a continuous line in Fig. 3(a). From
Eq. (18), we note that at the criticality the flow does not
change the axial structure of the perturbed helix.

The kink theory briefly reviewed here is a linear theory
and therefore, strictly speaking, does not allow us to resolve
the plasma dynamics when the axial current substantially
exceeds the threshold. However, the general structure of the
perturbation determined by a linear eigenfunction should be
quite a robust entity and thereby gives a hint on the shape of
the column in the nonlinear regime. With this note of cau-
tion, beyond the stability margin for /> I, the winding sur-
face of the perturbed axis of the plasma column is different
from Eq. (18):

Z ol
|R(Z)| ) \/l —COS\"]TZ(] + E>J
|R(L)| \/1—cos{w<1+;ﬂ)J

crit

o™ 1201 i2/L-1) ) (19)

where 6/=I1-1_;. The lengthy derivation of the equation
above is presented in the Appendix. The drawback of this

Downloaded 13 Apr 2009 to 192.12.184.2. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



022103-5 Effects of boundary conditions and flow on the kink ...
1 -
et ad
plasma flow ~ Tz
| T
0.8 o //'»,
7T
‘- e
— I e ,’l
3 0.6 Prond
> / /- "l
~ 2.
EE 04t Vs // ,’/ .
P — I=lerit
02 _d o — — Ol/lerit=0.1
T /.//’;/" . — . = Ol/lerit=0.2
/3R Ol/lcrit=0.3
Q&
0 0.2 04 06 0.8 1
zZ/L

FIG. 3. Perturbed axis of the plasma column in the case of line tying at z
=0 and perfect non line-tying at z=L according to Eq. (19). For slightly
supercritical currents, the flow causes the advection of the perturbations
resulting in a skewing of the eigenfunction in the direction of the plasma
flow.

solution is in that, at small flow velocities, it has a very small
applicability domain defined by the inequality &I/1.; <M>.

In Fig. 3, we represent the perturbed axis of the plasma
column according to Eq. (19) for different values of the
plasma current. In the absence of flow in the supercritical
regime, the eigenfunction does not change when increasing
the plasma current according to Eq. (18). Conversely for
slightly supercritical regimes, the presence of flow causes the
advection of the perturbations resulting in a skewing of the
eigenfunction in the direction of the plasma flow, which in
this case is in the positive z direction.

IV. EXPERIMENTAL OBSERVATIONS
OF THE KINK MODE

In this section, we report on experimental observations
of the kink mode in conditions where one end of the plasma
column is line-tied to the plasma source, and the other end is
not line-tied and therefore free to slide over the surface of the
end-plate. We show that the latter BC is a result of plasma
sheath resistance that insulates, at least partially, the plasma
from the end-plate. The experimental results are compared
with theoretical predictions derived in Sec. III.

It should be emphasized at this point that our measure-
ments only characterize the global structure of the external
kink mode. Furthermore in the theory in Sec. III, the assump-
tion is made that the axial wavelength of the perturbation is
much longer than the column radius. With this assumption,
the column deformation is simply characterized by rigid lat-
eral displacements of the plasma slices which greatly simpli-
fies the analysis. With that of course, we abandon any at-
tempts of describing internal kinks and any effects of the
current profile. On the other hand, the description of the ex-
ternal kink becomes quite efficient. Such current profile ef-
fects if present could be revealed from a comparison of the
experimental data with a recent kink mode analysis for arbi-
trary current proﬁles33 if plasma flow and perfect non line-
tying BCs can be implemented in the theory.
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FIG. 4. Time histories of (a) the plasma current, (b) azimuthal magnetic
field B, at (z=48 cm, #=m/2, r=15 cm). Expanded view of the temporal
evolution of B, from azimuthal (c) and axial (d) arrays of magnetic probes
during the stationary phase of the discharge.

A. Kink mode structure and rotation

In Fig. 4(a), the time evolution of the plasma current
measured at the external anode is shown for a discharge with
L=0.92 m. The plasma current begins at =0 when the bias
is turned on (arc discharge starts at r=—1 ms) and after
~150 us reaches a stationary phase which lasts for
~1.4 ms. The total plasma current /,~320 A during the sta-
tionary phase is determined by the bias voltage and can be
varied in the range 7,=0.05-1 kA. Figure 4(b) shows the
time evolution of B, as measured by the magnetic probe
located at z=48 cm, #=1/2. For an expanded time window
during the stationary phase, measurements of the perturbed
azimuthal magnetic field 6B, from the azimuthal, Fig. 4(c),
and the axial, Fig. 4(d), arrays of probes show oscillations
with m=1 azimuthal periodicity at the frequency f
=~ 50 kHz. The same dominant frequency is observed in mea-
surements from electrostatic probes (not shown here) sug-
gesting the electromagnetic nature of the process under in-
vestigation. These oscillations are observed when the plasma
current I, exceeds a current threshold /. (see below), but
are not detectable for [,<I.;. The observed instability
growth time 75=~4 us is of the order of the axial Alfvén
time. The m=1 azimuthal structure is consistent with a
plasma column rotating as a rigid body at frequency f. The
phase of the signals from the axial array increases linearly
along the z direction, Fig. 4(d), indicating a rotating helical
current channel. The kinked deformation is a right (left)
handed helix if J.-B,>0 (<0), as expected from a paramag-
netic kink.’ The direction of rotation reverses when reversing
the external magnetic field B,. In both cases, the mode rota-
tion is such that the helix always screws into the external
anode. This is consistent with prediction from Eq. (15) for a
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FIG. 5. (a) Amplitude of the perturbed azimuthal magnetic field, 5B,, and
(b) rotation frequency of the mode during the stationary phase as a function
of the plasma current /,. (c) Axial structure of 6B, close to the instability
threshold for /,/1.;=~ 1.2 showing non line-tied BC at the external anode.
The dotted-dashed line shows the structure of 6B, as predicted from theory.

plasma flow directed from the gun to the external anode, as
in the present set of experiments.

For a series of discharges with plasma column length
L=0.92 m and identical plasma parameters, we varied the
plasma current in the range 86 A <1,<190 A. In Figs. 5(a)
and 5(b), the rotation frequency and the average amplitude of
the OB, oscillations at the dominant frequency during the
stationary phase are shown and scale linearly with /,. This
observation is in common to other linear plasma devices''
and suggests that the predicted linear scaling from Egs. (14)
and (15) may hold for slightly supercritical regimes.

In Fig. 5(a), the plasma current corresponding to the
limit 0By— 0 corresponds to the kink stability threshold
which for these data is /,;,;=70+7 A. The rotation frequency
is also computed at the stability threshold which for the same
data set is f,;,=28+3.5 kHz, Fig. 5(b).

In order to get insight into the axial structure of the
mode close to criticality for I,~1.2 X1, Fig. 5(c) shows
the amplitude of the perturbed magnetic field for the domi-
nant m=1 mode from the axial array of magnetic probes. The
most prominent feature of the axial structure is that while a
line-tied BC holds at the gun, the large amplitude of the
mode at z=0.76 m can only occur if the plasma slides over
the external anode and is therefore not line-tied. This is also
confirmed by fast camera images of the plasma column at the
external anode as shown in Figs. 6(a) and 6(b).

B. Boundary condition at the external anode

The observed sliding of the plasma column over the ex-
ternal anode surface is not consistent with a line-tied BC,
which might be presumed at the external anode for time
scales less than its 100—200 us resistive diffusion time. De-
viations from line-tying may appear if the plasma is insulated
from the external anode by a finite plasma sheath resistance.
The degree of insulation is measured by the ratio x of the
Alfvén transit to inductive decay times of the current™ which
can be estimated from the formula

K= (cs/vz)[c/(awp,-)]zﬂi/z, (20)

where ¢,=(T,/m)"?, B,=n,T,/B} and w,, is the plasma fre-
quency (derivation in Ref. 28). For typical RSX plasma pa-
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FIG. 6. Fast camera images of visible light emission from a lateral view
near the external anode. As the plasma gun shoots from right to left, a fast
gated image of visible emission shows (a) the equilibrium and (b) the dis-
placed position of the plasma during the rotation. (c) Visible light emissivity
profile along a line of sight parallel to the external anode and axially spaced
1 cm in front of it. The emissivity of the plasma column in the equilibrium
position is artificially multiplied by a factor 2 for clarity. (d) Measured
optical displacement ;= [y — yeq\ for different /, values. yn,, and y,, are,
respectively, the position of the maximum emissivity for the displaced col-
umn and for the column in the equilibrium position.

rameters a=~2 cm, T,~10 eV, n,~ 103 cm™, v_/c,~ 1, we
estimate k= 15> 1. This shows that the plasma is insulated
from the conducting boundary by its finite sheath resistance
and therefore a suitable BC at the external anode is given by
Eq. (10). In the following, we derive a condition equivalent
to the (PNLT) BC that can be directly compared with experi-
mental data and we show that this holds at the external an-
ode.

With a thin plasma column approximation (a<<ryqy,L)
and assuming that =0 is the equilibrium position, the Car-
tesian components of the perturbed magnetic field at r=r,
> g can be expressed as™

OB, , = (a*/r))B(£0&, |9z + koé, ). (21)

Using Eq. (10), in the vicinity of the external anode the
perturbed magnetic field can be expressed as

8B = (8B} + 0B;)'? =1, Buo)/(47r)), (22)

where ¢ L=[§X(L,t)2+§y(L,t)2]” 2. This equation is equivalent
to the PNLT BC, given by Eq. (10), and can be directly
compared with experimental data from magnetic probes and
plasma column images near the external anode.

In Fig. 6, two fast-gated (200 ns gate < Alfvén time) im-
ages of visible light emission from the plasma near the ex-
ternal anode are shown before the onset of the kink instabil-
ity, Fig. 6(a), and during the rotation at the time of maximum
column displacement, Fig. 6(b), for a single discharge. The
images are taken from a lateral view using the camera setup
(1) as schematically shown in Fig. 2. Geometrical calibration
of pixels per centimeter is done using the known dimensions
of the in situ probes. The image in Fig. 6(b) is synchronized
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FIG. 7. Measurements at the external anode showing the perfect non line-
tying condition of the plasma column. Magnetic field perturbations 6B
=(8B2+8B2)"? are shown as a function of I,{; and compared with predic-
tions from Eq. (22) (dashed line). {; and 6B, , are measured 1 cm in front of
the external anode. )

with a signal from a magnetic probe located at the same axial
location but azimuthally separated by /2 to provide the
position of maximum column displacement. We determine
the visible light emissivity profile along a line of sight par-
allel to the external anode surface and axially spaced 1 cm in
front of it. Figure 6(c) shows profiles corresponding to Figs.
6(a)-6(d). From these profiles, the maximum displacement
{1=|Vmax—Yeql 18 computed where yy,.x and y., are, respec-
tively, the position of the maximum emissivity for the dis-
placed column and for the column in the equilibrium posi-
tion. For a series of discharges that scan the plasma current
in the range 100 A <1,<500 A, Fig. 6(c) shows the almost
linear relation between the experimental displacement ¢
=|Ymax—Yeq| and the plasma current.

In Fig. 7, we compare the scaling predicted by Eq. (22)
with the experimental data. The magnetic perturbations
(6B,, 5By) are measured at r,=17 cm and 1 c¢m in front of
the external anode using a bidimensional magnetic probe.
The experimental data show excellent agreement with the
PNLT predicted scaling in Eq. (22) (shown as a dashed line).
We therefore conclude that PNLT BC apply to the external
anode.

C. Scaling of rotation and critical current
with column length

To investigate the applicability of Egs. (14) and (15), we
take advantage of the RSX experimental capability to adjust
the length of the current carrying plasma column by moving
the external anode along the z axis of the device. In a series
of discharges, three different values of the column length are
investigated L=0.48, 0.92, 1.38 m, while the other condi-
tions are kept constant. Figure 8 shows (a) the critical current
and (b) the rotation frequency at the criticality as a function
of the inverse column length 1/L. The deduced scalings
I,,=59/L (A) and f,.;=2.4X10%*/L (Hz) is in agreement
with a predicted linear scaling from Egs. (14) and (15).
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FIG. 8. For three different column lengths (L=0.48, 0.92, 1.38 m): (a) criti-
cal current I, (b) rotation frequency at the criticality f. as a function of
the inverse column length 1/L. The grey region indicates predictions from
KS theory. Dotted lines show linear fits.

The system comprised of Egs. (14) and (15) provides a
theoretical relationship between I, foir» @, M and the aver-
age plasma density (or Alfvén speed). This was solved using
experimental measurements of the electron density profile at
criticality (not shown here) together with deduced scalings
I;«=59/L (A) and f,;=2.4X10*/L (Hz) from the data in
Fig. 8. We obtained a radius a=2+0.2 cm which is in agree-
ment with the experiment (see Fig. 9) and Mach number
M=0.25-0.4. The corresponding axial flow velocity v,
~7-10X 10* m/s is also consistent within the experimental
uncertainties with the estimate in Sec. IV D. In Fig. 8, pre-
dictions from KS theory using the computed a are compared
to the experimental data.

For the external kink, the plasma radius a is expected at
the position where conductivity, magnetic diffusion time, and
axial current density J.(r) are negligibly small. This is ex-
perimentally tested using current density profile measure-
ments at the criticality. Magnetic field profiles are measured
using a miniaturized, two-dimensional magnetic probe which
is inserted directly into the plasma column. For a plasma
column length L=0.92 m, the radial profile of the azimuthal
magnetic field By at z=0.48 m is assembled from magnetic
probe measurements over a set of 40 discharges with the
same plasma parameters. The B, profile at the criticality is
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FIG. 9. Radial profiles at the criticality of the (a) azimuthal magnetic field
and (b) current density. Vertical grey region indicates the error bounded
estimate of a at the edge of the current channel.

shown in Fig. 9(a). The magnetic probe is radially scanned
between two discharges providing a 5 mm spatial resolution.

Figure 9(b) shows a Bennet profile least-squares fit of
the axial current density J,(r) at the instability threshold, as
obtained from data in Fig. 9(a). The previously determined
radius a=2+0.2 cm is located at the edge of the profile
where J,(a) =0.05/_(r=0) at the resolution limit of the mea-
surement. Similar conclusions follow from the magnetic dif-
fusivity, derived from the measured electron temperature
profile and the observed instability growth time 7.

D. Plasma flow

The plasma ejected from the gun is accelerated by the
pressure gradient along the axis of the plasma column. The
downstream (far from the plasma gun) density and tempera-
ture in the plasma column are smaller than those near the gun
(upstream ones), leading to the pressure gradient that pro-
vides the acceleration. The electric field does not exert any
significant force on the plasma in the z direction. The electric
force acting on the electrons is equal and opposite to the
force acting on the ions under the quasineutrality condition,
resulting in an axial current, but not in an axial flow.

For the unperturbed plasma column below criticality, the
plasma flow velocity can be computed using the one-fluid
MHD equation together with experimentally measured elec-
tron density and temperature profiles. Using a simple one-
dimensional (1D) model in the one-fluid MHD approxima-
tion, the continuity equation and the equation of motion in
the z direction can be, respectively, cast in the following
discretized forms:

d(M+M,) 1

7 5 +A_Z(szz2—M1Uz1)=0, (23)
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FIG. 10. Time evolution of the upstream and downstream plasma flow ve-
locities as computed from the system of Egs. (23) and (24). Time =0
corresponds to the start of the plasma formation. The computation ends at
t=1.3 ms corresponding to the critical current when the kink mode is
destabilized.

d (M, +Myv,) N (M2, - Mv3)) . (P,—Py)
dt 2 Az Az

07

(24)

where M (t)=m;[n,(r,z=z;,)27rdr is the linear mass,
Pt)=[n/r,z=2;,0)T,(r,z=z;,1)27rdr is the gas dynamic
linear force evaluated at =z, m; is the ion mass, and Uy is
the axial flow speed at z=z;.

Electron density n,, temperature 7,, and pressure p,
=n,T, profiles are measured at two axial positions z;
=14 cm and z,=48 cm over multiple discharges using a
movable triple electrostatic probe with a 1 mm tip separa-
tion. The measured electron density profiles are modeled
with a Gaussian dependence n,(r)=n, X exp(-r?/207), with
characteristic widths ¢,~1 cm, and an added linear offset
cyr+c, with ¢,=-42x%10" m™ and ¢,=~0.42%x 10" m™3
to account for a density halo outside the column.™ The tem-
perature profiles are modeled using the Bennett pinch shape
T,(r)=T,,(1+r*/07)~% where T, with scale radial width o
~2-3 cm. The central electron temperatures and densities
measured over a 3 ms time-interval vary between T,
=10-20 eV and n,y=1.5-4.5X10" m™> at z=14 cm, and
T,,=6—12 eV and n,,=0.5-1.5 X 10" m~3 at =48 cm. The
system of second-order differential equations given by Eqgs.
(23) and (24) is numerically integrated using the experimen-
tal profiles providing the time evolution of the plasma flow
velocity.

Figure 10 shows the time evolution of the downstream
and upstream flow velocities for the time interval =0 to
~1.3 ms, where the time zero is referenced to the arc bias
trigger when the plasma is formed. The end of the calcula-
tion approximately corresponds to criticality when the kink
instability develops. It should also be noted that above the
criticality, Eqs. (23) and (24) cannot properly describe the
flow in the helically perturbed column since the 1D assump-
tion is not valid anymore. As can be seen from Fig. 10 the
upstream and downstream velocities are very close to each
other and reach a value v,~6 cm/us close to the criticality.

Downloaded 13 Apr 2009 to 192.12.184.2. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



022103-9 Effects of boundary conditions and flow on the kink ...

This is consistent, within the experimental uncertainties, with
the independent estimate provided in Sec. IV C. Future ex-
periments are planned to measure plasma flow speed using a
movable Mach probe which is presently under construction.

V. CONCLUSIONS

During the past 50 years, much has been learned about
the kink instability, but not much is known about the effect
of axial boundary conditions. Most theoretical approaches
have been either toroidal or axially periodic. We have argued
that there are interesting natural and laboratory plasmas that
are subject to non line-tied axial boundary conditions and we
have presented first experimental results for the current
driven kink instability in a plasma column with one free end
that is not line-tied to its boundary. This rather peculiar
boundary condition results from finite plasma sheath resis-
tance that insulates, at least partially, the plasma from one
end-plate. We have shown that mode structure and instability
threshold are significantly different from predictions from
the Kruskal-Shafranov theory and are accurately reproduced
by a recently developed kink theory which we reviewed in
Sec. III. The finite rotation of the mode, which is also ob-
served in other laboratory devices,'** is due to the plasma
flow along the helically kinked plasma column. These find-
ings may be of significance to solar and astrophysical flux
ropes where the case of free ended ropes may be relevant and
their reduced stability limit needs to be taken into account.

Though not addressed here, the effect of a non line-tied
end should be important in the nonlinear stage of the kink
dynamics. For the relaxing kinked plasma column, a desta-
bilizing J,X B, force coexists with a stabilizing curvature
force due to axial field line bending. The free end BC allows
displacements with reduced curvature and restoring force
which may result in a helical state saturated at larger level
compared to the line-tied case. For the slightly supercritical
case, this could be tested with a weakly nonlinear theory
such as the one suggested in Ref. 20, but with the effects of
the plasma flow and sheath resistance included. The fully
nonlinear kink mode has been recently simulated*® using the
FLIP3D-MHD code which is based on the standard resistive
MHD model.*” Simulation results confirm present experi-
mental findings and theoretical works®® showing that free
ended flux ropes are more susceptible to the kink instability.
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APPENDIX: EFFECT OF FLOW AT MODEST-TO-HIGH
MACH NUMBERS NEAR THE STABILITY LIMIT

To solve the system of Egs. (8) and (11) in the case of
small supercriticality, we introduce the following dimension-
less variables (denoted by the wave):

Phys. Plasmas 14, 022103 (2007)

koL

kg = ———, (A1)
0 w1 - M?
2Lw
= —— (A2)
’m)AMVl—M
~ ki »L
kl’zzi. (A3)
T

At the stability boundary, ky=1, @=—1.
Using the new dimensionless variables, Egs. (8) and (11)
can be written as

2ky + ko\1 — M?

exXp l’ﬂ'(El - ;2) ="_ — s (A4)
2k, + ko1 — M?
- M5 — ko + VM2 + 2M ko + ki
kis= . (A5)

281 = M?

Near the stability boundary, a solution to the system of

Egs. (A4) and (A5) can be found for ky=1+¢ and @=—1
+ € where both ¢ and € are small quantities. By expanding

I’cvl’z in Eq. (A5) up to the linear terms, we find

+1-1-M> M? +\1-M>-1
kl,2 = - i 26+ / 2 q
2 2Nl -M 21 -M
(A6)
and therefore
exp(l-gl - 122) ~-1-img, (A7)
whereas
2ky + kg1 = M? 2M? 2M? (AS)
— - —=—1=7 €— q-
2k1+kovm Vi-M2 N1-MP

By substituting Egs. (A8) and (A9) into Eq. (A4), one ob-
tains a relationship between € and ¢:

/ 2

N1-M

e=—q+inqg (A9)

2M?
which yields the following expression for the wave numbers
in Eq. (A5):

_ +1—\1-M?

g
B~V 7 79,
1.2 2 )

NSREN

(A10)

The validity domain of the solution above is defined by the
inequality g << M?>.

Noting that g=(ko—koei)L/ 71 =M? and returning to
the initial notation, we find

11'vAM\'1—M2
5&):—6
2L
Muv (ko — koeri 1 - M?
=~ UA(O Ocrn)|:_1+l.“\ ) :|, (All)
2 M
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77(11 -1 —M2) +im+1 (ko - kOcril)

+
2L 2 -2

kl 2 = (A l 2)

Now, using the fact that k;—k, is purely real, we have
from Eq. (2) that the surface of revolution over which the
column is wound is

e
IR()| V1 -cos(k; —ky)z LDy

IRID| 1 = cos(k, — ky)L (A13)

We note that, for a given Mach number, k is a linear func-
tion of the plasma current and therefore

I-I  m1-M> &
Icrit L Icrit

kO - kOcrit = kOcril > (Al4)

where 8I=1-1.. Then from Eq. (A12), we find

m(x1-V1-M?) —im+1 8l
k1 7 = + e (AIS)
’ 2L 2L I
and
T ol
ki—ky=—|1+—], (A16)
L Icrit
w81
Im(ky) =— —— (A17)
2L1crit

so that Eq. (19) can easily be derived from Eq. (A13).
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